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Abstract-This paper demonstrates that any continuous real-valued function which has an orbit 
with infinitely many limit points must necessarily have periodic cycles of arbitrarily large prime 
period. We present an example of a function with an orbit whose limit points are exactly Z+. 
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It is well known that for any continuous function on an interval of the real line, the existence 
of a dense orbit implies the existence of infinitely many periodic cycles, and that the periods of 
these cycles form an unbounded set in the positive integers [l, p. 811. In this paper, we show 
that the same conclusion follows from weaker hypotheses: that the orbit need not be dense, but 
has infinitely many limit points. 
It is worth mentioning that this result is known-or at least, easily follows-from Proposition 15 
of [l, p. 751 if the limit points of the orbit are not isolated. However, if the limit set consists 
entirely of isolated points (as in the case of our Example l), the arguments from the existing 
literature break down. 
The aim of this paper is to prove the following. 
THEOREM. Suppose that I is a (possibly infinite) interval of the real line, and f : I -+ I is 
continuous. Suppose, moreover, that there is a point 20 so that {f”(z~)}~?~ has infinitely many 
limit points in I. Then f has periodic orbits of arbitrarily high periods; that is, V N > 0, there 
is a point x E I and some M > N so that f”(x) = x and f”(x) # x for 0 < k < M. 
PROOF. We prove the theorem by contradiction. Let f satisfy the hypotheses of the theorem 
and suppose that .P = II (periods of points of f) is finite. Let g = fP; then 
has infinitely marry limit points, but g has no periodic points of period > 2. We will show that 
no such function exists. 
Let zi < z2 be any pair of limit points of {g”(xc)}. We claim that every open interval J 
containing [zi, 221 must contain fixed points of g. Why is this ? An interval with no periodic points 
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must be “one way”: that is, if v,gn(y),gm(y) E J and 0 < n < m , then either y < gn(y) < gm(y) 
or Y > P(y) > P(y). (Th is is a standard argument which is a consequence of the Intermediate 
Value Theorem: see, for example, [l, p. 751.) However, it is clear that no open interval J 
containing at least two accumulation points of {g”(zc)} can be one-way. Accordingly, J must 
contain at least one periodic point, and by our assumptions on g, this is a fixed point. 
By the above argument, we may fix limit points z, w of {g”(ze)} and fixed points pl, pp so 
that 
Z<Pl<PZ<W 
(see Figure 1). Because z and w are limit points, we can pick k and N so that zk = gk(zc) E 
(GPr) and xN+k = gN(xk) > P2. Therefore, gN([xk,fh]) 1 [Pl,xN+k] 1 [p2,5~+k]. Let J = 
gvN [p2, xN+k] fl [xk,pl]. Note that by its definition, J has no fixed points. 
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Z ‘(M+N+k) xk p, P2 ‘N+k w 
Figure 1. The interval [z,w]. 
y=x+l 
, Y=x 
Figure 2. Graph of the function ‘p, 
We again use the fact that z is a limit point to pick M satisfying x(M+N+k) = g”(zN+k) < zk, 
and so 
9 M+N(J) = ?%‘2?N+k]) 1 [x(M+N+k),P2] 1 J. 
Therefore, g M+N (J) contains a fixed point which is not a fixed point of g. This contradicts the 
assumption that g has no periodic points of period 2 2. Hence, the periods of periodic points 
of f must be unbounded. I 
EXAMPLE. Consider a function ‘p : R+ + R+ defined as follows. We let cp(lc) = x + 1 for most 
x > 0, except that after each integer value of x, cp dips below the line y = x, but each time closer 
than before to y = 1. 
If we pick a number zi, only slightly larger than 1, we may design the “dipping” so that the 
orbit of zi under cp rises and falls in the following manner: 
~~~)=~~1,~1+1,z2,z2+1,Z2+2,Z~ ,.‘.) z,,zn+l,..., Z,+%Znfl )... }, 
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where the sequence {z~}?!~ decreases to 1 as n --) co. For example, if we posit that 
(1) cp(n + (l/n)) = 1 + l/(n + 1) and 
(2) (p(5) = 5 + I for n - l/3 5 2 5 n + l/(n + l), 
then z, = (n + 2)/(n + 1). It is clear from the design of this function that the orbit of zi is 
unbounded and that the limit points are exactly the set of all positive integers. The theorem 
above tells us that there are, therefore, infinitely many periodic orbits of high periods, a conclusion 
which is not otherwise apparent. 
REMARK. As a corollary to the argument used in the proof of Theorem 1, we see that for f : I -+ I 
continuous, any subinterval which contains two limit points of an orbit must necessarily contain 
periodic points of f. Accordingly, this argument demonstrates (again) that if f contains a dense 
orbit, periodic points are likewise dense. 
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